In this paper we present a definition of erosions and dilations in terms of fuzzy relations and adjoint triples. We firstly show that we can represent any algebraic erosion and dilation in such a terms and secondly, we present a set of approaches that can be covered by our definition of relational erosions and dilations.
introduction
The origins of Mathematical Morphology (initiated by G. Matheron [15] and J. Serra [20, 21] ), rely on set theory, integral geometry and linear algebra. The basic operators namely, erosion and dilation, modify sets in the Euclidean Plane by means of translations of specific sets, called structuring elements. In subsequent works, this "crisp" Mathematical Morphology was extended to more general environments in order to deal with greyscale or color images [3, 2, 8, 10, 7, 5] . This methodology is used in general contexts related to activities such as information extraction in digital images, noise elimination or pattern recognition. In another (more theoretical) plane of the evolution of Mathematical Morphology, we can find some pure algebraic approaches [12, 14] . In these approaches, the framework is minimized to Complete Lattice Theory and erosions and dilations are defined as operators that commute with intersections and union, respectively. It is worth to say that Algebraic Mathematical Morphology generalizes the most extensions of Mathematical Morphology because such a properties required on erosions and dilations are preserved in the most of those approaches. The main advantage of this approach is the extrapolation of results to different extensions of Mathematical Morphology. On the other hand, it has an important shortcoming: the absence of a structuring element which changes the initial spirit of Mathematical Morphology. This shortcoming was removed in [14] by the use of clodums and impulse response functions. However, these two structures are seldom used in the community of computer science. This paper deals with the problem of giving an internal structure back to algebraic erosions and dilations. Specifically, we have substituted the role of structuring elements by fuzzy relations and adjoint triples. This is not the first approach that considers fuzzy relations in the definition of erosions and dilations. For instance, [1] considers fuzzy relations to connect fuzzy mathematical morphology with fuzzy concept analysis [17] and [4] considers fuzzy relations to unify the notions of openings and closings from different approaches. The novelty of our approach is first, the consideration of two different ordered structures to define fuzzy relations and fuzzy sets and secondly, that we prove that the class of relational erosions (resp. relational dilations) coincides with the class of algebraic erosions (resp. algebraic dilations). The paper is structured as follows. In Section 2 we recall briefly the Fuzzy and Algebraic Mathematical Morphology. Then, in Section 3 we present the definition of relational erosions and dilations together with the representation theorem. In Section 4 we show how particular approaches can be covered by Fuzzy Relational Mathematical Morphology. Finally in Section 5 we present conclusions and future works.
A little summary of Mathematical Morphology
In this section we recall the basics of Mathematical Morphology. It is worth to mention that there exists different approaches of Mathematical Morphology which can be divided in four groups namely, the binary (or set based) [15, 20] , the umbra approach (or grayscale) [20, 21] , the fuzzy [2, 8] and the algebraic [12, 21] . For the lack of space and the sake of presentation, we briefly describe in this paper the algebraic and the fuzzy approach.
Algebraic Mathematical Morphology
The fundamentals of mathematical morphology is based on two basic operators: erosion and dilation. These operators were introduced originally on Euclidean Spaces by means of translations and joins of subsets [15, 20] . However, in subsequent approaches [12, 21] , such definitions were extended to apply to arbitrary complete lattices in order to cover broader applications. We call this approach by Algebraic Mathematical Morphology. The definition of the operators erosions and dilations in this approach is given as follows.
So, roughly speaking, every algebraic erosion commutes with infimum and every algebraic dilation with supremum. Note that the definition above takes into account the case where X and Y are empty. That means that algebraic erosions assign the greatest element of L 1 to the greatest element of L 2 and algebraic dilations assign the least element of L 2 to the least element of L 1 . In order to describe some relations between algebraic erosions and dilations is convenient to recall the notion of adjoint pair. 
It is worth mentioning that Mathematical Morphology is not just about considering algebraic erosions and dilations; many other notions and operations are used as well, for instance openings, closings and Hit-Miss transformations, among others, are also object of study in this theory. But for the sake of simplicity, we restrict the introduction of preliminary notions to a minimum and will not go further in this section.
Fuzzy Mathematical Morphology
Note that the algebraical approach of Mathematical Morphology does not provide any internal structure in the operators erosion and dilation. This feature is not suitable for applied researches, which commonly make use of the structure established by Fuzzy Mathematical Morphology. Fuzzy dilations and erosions are defined between fuzzy sets on affine spaces (although this restriction can be reduced to groups) with a residuated lattice structure in the set of truth values. Let us recall that a complete residuated lattice is a 4-tuple (L, ≤, * , →) such that:
• (L, ≤) is a complete bounded lattice, with top and bottom element 1 and 0, respectively.
• (L, * , 1) is a commutative monoid with unit element 1.
• ( * , →) forms and adjoint pair, i.e.
z ≤ (y → x) if and only if y * z ≤ x
The definition of erosions and dilations in fuzzy mathematical morphology is given with the help of a structuring elements. Structuring elements are just fuzzy sets which determine "a shape" or "form" used to modify other fuzzy geometrical sets. 
It is not difficult to check that fuzzy erosions and dilations generalize the original definition given for "crisp" sets [15] . For the lack of space, in this section we do not include examples of fuzzy erosions and dilations but the reader is referred to [8, 3] for some examples of applicability of this approach. The following result says that fuzzy erosions and dilations are algebraic erosions and dilation, respectivelly.
a fuzzy erosion (resp, a fuzzy dilation) then, ε is an algebraic erosion (resp. an algebraic dilation).
In other words, the theorem above says that fuzzy erosion commutes with infimum and fuzzy dilation with supremum. The main advantage of this approach with respect to the algebraic one is that it provides a certain representation to the operators erosion and dilation. This fact simplifies considerably the definition of erosions and dilation for specific tasks. Perhaps this explains why Fuzzy Mathematical Morphology is more popular in applied researches than Algebraic Mathematical Morphology. However, it is appropriated to point out that this fuzzy approach is not able to represent the whole set of algebraic erosions and dilations. The reason is in the following assumptions required by the Fuzzy Mathematical Morphology approach:
1. Fuzzy sets must be defined on affine spaces. This restriction can be reduced to a group where the operator + is well-defined. Note that this restriction is irrelevant for image processing however, it is very strong in other applied fields.
2. The domain and codomain of fuzzy morphological operators must be the same lattice. This is due to two differentiable reasons:
(a) The use of fuzzy sets as structuring elements and the translation of them implies that the codomain of erosions has to coincide with the domain of dilations (an vice-versa). So fuzzy dilations transforms fuzzy sets to fuzzy sets in the same universe. By this restriction Fuzzy Mathematical Morphology becomes inapplicable to image compression or to other tasks where a modification of the universe is required (for instance as F-transforms does).
(b) The use of residuated lattices implies that the set of truth values (of fuzzy sets) in the domain and codomain, must be the same. This fact disallow to define fuzzy dilations between the set of color'images and grayscale images, where the domain of the values are different despite they are defined on the same universe.
Fuzzy Relational Mathematical Morphology
Our goal in this section is to define a family of mathematical morphology operators based on fuzzy sets able to represent to whole set of algebraic erosions and dilations. Still inspired by the original definitions of dilations and erosions between crisp sets, we need a set of operators to model intersection, union and inclusion between fuzzy sets. For this purpose we consider the operators given by adjoint triples, which is a generalization of residuated lattices used in Fuzzy Mathematical Morphology. Note that this generalization allows us to use different set of truth values. ≤ 3 ) be three posets. We say that the mappings & : P 1 × P 2 → P 3 , ↘ : P 2 × P 3 → P 1 , and ↗ : P 1 × P 3 → P 2 form an adjoint triple among P 1 , P 2 and P 3 if:
for all x ∈ P 1 , y ∈ P 2 and z ∈ P 3 .
Note that every adjoint pair in a residuated lattice is an adjoint triple where the operator & is commutative. Therefore Gödel, product and Łukasiewicz t-norms, together with their residuated implications, can be seen as examples of adjoint triples. But in contrast to adjoint pairs, adjoint triples allow us to consider different lattices, as the following example shows. Considering adjoint triples removes a restriction imposed by Fuzzy Mathematical Morphology concerning with the truth value of fuzzy sets (item (2b) at the end of Section 2.2). To avoid the others two restrictions, we substitute structuring elements by P-fuzzy relations. Let us recall that given a poset P, a P-fuzzy relation between to sets A and B is a mapping R : A × B → P. The value R(a, b) represents the degree of the statement "a is related with b (by R)". Now we can define the morphological operators dilation and erosion based on P-fuzzy relations as follows. 
for all X ∈ L 1 A , and the Relational Fuzzy Dilation with respect to R,
Note that in this approach structural elements are given by fuzzy relations, thus we use also the terminology structural relation to focus on the relation used to define the corresponding erosion and dilation. Note moreover that relational fuzzy morphological operators can be defined between two different families of fuzzy sets, specifically between fuzzy sets on different universes and with different set of truth values. This increases considerably the expressiveness of Definition 3.2 with respect to Definition 2.3. For the sake of presentation, in the rest of the paper we assume the underlying structure given by Definition 3.2. That is:
• A and B denote two arbitrary sets,
• L 1 and L 2 denote two complete lattices,
• P denotes a Poset,
• R denotes a P-fuzzy relation and,
The following result shows that the respective pair of relational fuzzy erosion and dilation forms an adjoint pair and consequently, they are algebraic erosions and dilations, respectively.
Theorem 3.1. The pair (ε R , δ R ) forms an adjoint pair,.
Corollary 3.1. Relational Fuzzy Dilations and Relational Fuzzy Erosions are Algebraic Dilations and Algebraic Erosions, respectively.
As we say at the beginning of this section and in opposite to Fuzzy Mathematical Morphology, Fuzzy Relational Mathematical Morphology is able to represent the whole set of adjoint pairs, i.e., algebraic erosions and dilations. Thus, Definition 3.2 provides an structure of every algebraic erosion (resp, dilation) 
Approaches covered by Fuzzy Relational Mathematical Morphology
In this section we show some examples of relational mathematical morphology operators to illustrate firstly that is able to cover different approaches and that the use of the relation is not vain.
Fuzzy Mathematical Morphology as a specific case of Relational Mathematical Morphology.
It is easy to see that Fuzzy Mathematical Morphology is a specific case of Relational Fuzzy Mathematical Morphology. Specifically, consider a residuated lattice (L, ≤, &, →) and A = R 2 (or A = Z 2 ). Then the fuzzy erosion with respect to the structuring element S coincides with the relational fuzzy erosion with respect to the L-fuzzy relation R S defined as:
Therefore, every example given in [8, 3, 5] can be considered also as particular cases of Fuzzy Relational Mathematical Morphology. It is convenient to mention that in mathematical morphology is common the use of "flat" structuring elements. Let us recall that a flat structuring element is a fuzzy set S such that S(x) ∈ {0, 1} for all x ∈ U . Note that {0, 1}-fuzzy relational mathematical morphology characterizes the morphological operators that can be defined from flat structuring elements.
F-Transforms as Fuzzy Relational Morphologic Operators.
F-Transforms were defined in [19] with the aim of summarizing the information represented by a function into a discrete set of vectors. The core of this technique is to group the universe in a set of fuzzy sets, called the partition of the universe. Formally the definition of fuzzy partition is given as follows. 
and the direct F ↓ -transform is the vector F
Note that both direct F-transforms are elements in L n . For each direct F-transform it is defined a respective inverse F-transform. 
and,
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These four operators introduced above can be considered as particular cases of Fuzzy Relational Morphology. Specifically, according with the notation used in Definitions 3.2 and 4.2, let us consider:
• as adjoint triple the residuated lattice (L, ≤, &, →),
• B = U and,
• the L-relation between {1, . . . , n} and U given by
Then, we have that
Reciprocally, if we consider
To summarize, the four operators defined on F-transforms can be considered special operators of Fuzzy Relational Mathematical Morphology.
Fuzzy Concept Analysis and Fuzzy Relational Mathematical Morphology.
The main task of Fuzzy Concept Analysis is the representation via complete lattices of data in relational tables [1, 9, 13, 16, 18] . The construction of such complete lattice is given by using two operators called possibility and necessity. The basic structure of this theory (according to [18] ) is the fuzzy property-oriented frame, which resembles the notion of adjoint triple.
The notion of fuzzy property-oriented context is defined analogously to the one given in [18] , and is given below.
) be a fuzzy property-oriented frame. A context is a tuple (A, B, R) such that A and B are non-empty sets (usually interpreted as attributes and objects, respectively), R is a P-fuzzy relation
, called possibility and necessity operators, respectively, are defined as follows
International Scientific Publications and Consulting Services for g ∈ L B 2 and f ∈ L A 1 . These definitions generalize the classical possibility and necessity operators [11] , as well as F-transforms considered in the previous section, and are the basic operators of Fuzzy Concept Analysis. The reader can easily check that operators g ↑ Π and f ↓ N are the dilation δ R and erosion ε R of the fuzzy relational mathematical morphology, respectively. Thus, ( ↑ Π , ↓ N ) is an adjoint pair and, therefore,
In this environment, a concept is a pair of mappings ⟨g, fuzzy property-oriented concept) . The set of all these concepts forms a lattice with the ordering
Reducing relational tables.
In the previous sections we have seen that Fuzzy Relational Mathematical Morphology cover at least three different frameworks namely, Fuzzy Mathematical Morphology, F-transforms and Fuzzy Concept Analysis. In this section we show that fuzzy relational erosions and dilations can also be used to other tasks. Below we show that fuzzy relational erosions and dilations can be used to reduce the size of relational tables. This kind of reduction are useful in Data Mining [6] , where the construction of a rule base system has an exponential complexity with respect to the size of the data. For the sake of the presentation, let us denote by R(A, B) the set of L-fuzzy relational tables between A and B. The reduction presented in this section transforms one relational table R ∈ R(A, B) to another R ∈ R(A, B) with |B|≥ |B|. Thus, the reduction just reduces the number of objects in the relational database. To proceed by fuzzy relational morphology operators, we need to define a structuring relation S between elements in B and B i.e., between the original and new objects. Thus, fixed an adjoint pair (&, →) on L, we can define a dilation and a erosion between R(A, B) and R(A, B) by
Note that, according to Definition 3.2, the structuring relation used in δ S op is the dual relation of S, i.e., S op defined by S op (b, b) = S (b, b) . But for the sake of presentation, in the formula above we have omitted S op and we have written directly the expression of δ S op in terms of S. The role of the L-fuzzy relation S is to group elements of the original set of objects B into elements of another (smaller in size) set B. This grouping can be done in many different ways, for instance by clustering, by an expert decision or by taking information of the original relational table. The following example shows a way to define the L-fuzzy relation S for a specific case. 
Conclusions and Future works.
In this paper we have presented a definition of erosions and dilations in terms of fuzzy relations and adjoint triples. We have seen that every algebraic erosion and dilation can be defined in terms of relational erosions and dilations, respectively. Moreover, we have shown that those fuzzy relational morphology operators generalize operators used in different approaches like F-transforms, Fuzzy Concept Lattices or Fuzzy Mathematical Morphology. Finally we have illustrated with an example that the notion of relational erosion and dilation can be used to define novel operators. As future work we want to research the invariance with respect to different transformations in Fuzzy Relational Mathematical Morphology like it is done in Mathematical Morphology with respect to translations.
